Abstract. Every character of an association scheme can be considered as a faithful character of some quotient scheme. Also we will show that a faithful character of an association scheme determines a thin closed subset which is cyclic as a finite group.
Introduction
Let G be a finite group and let χ be a character of G. We can consider that χ is a faithful character of G/Ker (χ) . If G has a faithful irreducible character, then the center of G is cyclic. These are well known facts in group representation theory. We will generalize them to characters of association schemes.
Every character of an association scheme can be considered as a faithful character of some quotient scheme (Theorem 2.1). Also we will show that a faithful character of an association scheme determines a thin closed subset which is cyclic as a finite group (Theorem 3.1).
Let (X, S) be an association scheme in the sense of [7] or [3] . We will denote the valency of s ∈ S by n s . Let T be a closed subset of S. Put e T = n T −1 t∈T σ t . Then e T is an idempotent of CS. It is known that C(S/ /T ) ∼ = e T CSe T as algebras by σ s T → (n s T /n s )e T σ s e T (see [4] ).
We denote the identity matrix by E.
Faithful representations
Let (X, S) be an association scheme, and let Φ : CS → M n (C) be a representation of (X, S) affording a character ϕ. Define
If K(Φ) is a normal closed subset of S, then there is a natural algebra epimorphism π : CS → C(S/ /K(Φ)) and Φ can be considered as a representation of S/ /K(Φ). But K(Φ) is not necessarily normal, and the natural map π : CS → C(S/ /K(Φ)) is not an algebra homomorphism in general (see [6] ).
AKIHIDE HANAKI
The next theorem is the main result in this section.
Theorem 2.1. Let (X, S) be an association scheme, and let Φ : CS → M n (C) be a representation of (X, S). Suppose that T is a closed subset contained in K(Φ). Then we can define a representation Φ :
Thus, without loss of generality, we may suppose that Φ is irreducible.
Let ϕ be the character afforded by Φ. Let e ϕ be the primitive central idempotent of CS corresponding to ϕ. By the assumption on T , we have e ϕ e T = e ϕ = e T e ϕ .
We will show that Φ is well-defined. Suppose
This means that Φ is well-defined. We show that Φ is an algebra homomorphism. We use the isomorphism C(S/ /T ) ∼ = e T CSe T and identify them. Then Φ (e T σ s e T ) = Φ(σ s ). We have
Finally, we will show that Φ is faithful if
Corollary 2.2. Let (X, S) be an association scheme, and let ϕ be a character of (X, S). Suppose that T is a closed subset contained in K(ϕ). Then n
Proof. This is obtained by the fact that Φ in Theorem 2.1 is well-defined.
Faithful representations and closed subsets
Let (X, S) be an association scheme, and let Φ : CS → M n (C) be a representation of (X, S) affording a character ϕ. Define Theorem 3.1. Let ϕ be a faithful character of (X, S). Then Z(ϕ) is thin and cyclic as a finite group.
In the rest of this section, (X, S) is an association scheme and Φ : CS → M n (C) is a faithful representation of (X, S) affording a character ϕ. For u ∈ Z(ϕ) we define a root of unity ε u by Φ(σ u ) = ε u n u E or equivalently by ϕ(σ u ) = ε u n u ϕ(1). We need a lemma.
This means that u = v and u is thin.
Proof of Theorem 3.1. If ξ is an irreducible constituent of ϕ, then Z(ϕ) ⊆ Z(ξ). So we may suppose that ϕ is irreducible. We consider Z(ϕ) as a finite group. Then, by Lemma 3.2, σ u → ε u is an irreducible faithful character of an abelian group Z(ϕ). So Z(ϕ) is cyclic.
We remark that if ϕ is a faithful irreducible character of a finite group G, then Z(ϕ) is just the center of G. But for a character of an association scheme, it is not true in general.
